
mean  T; | (r) = T - - T  0, exces s  t e m p e r a t u r e  of the probe  re la t ive  to the ini t ial  t e m p e r a t u r e  To; kRA , ampl i f i -  
cat ion coeff icient  of RA; R 1, s t a n d a r d  r e s i s t a n c e  in the br idge;  R 2 and R20, r e s i s t a n c e s  of the potent ial  d iv ider  
at the RA input; V, voltage at the output of RA; D and L,  d i a m e t e r  and length of the probe;  I/a, t h e r m a l  r e s i s  2 
tanee;  7 =0.577215, E u l e r ' s  constant;  and ~ = 3.1415926. Indices:  0, at the ini t ia l  t e m p e r a t u r e  To; s ,  r e f e r r i n g  
to the sensor ;  c ,  to the ca l ibra ted  senso r ;  and cz,  to the contact  zone.  
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N U M E R I C A L  S O L U T I O N  O F  T H E  I N V E R S E  H E A T -  

C O N D U C T I O N  P R O B L E M  F O R  D E T E R M I N I N G  

T H E R M A L  C O N S T A N T S  

N.  I .  N i k i t e n k o  a n d  Y u .  M.  K o l o d n y i  UDC 536.24.01 

We inves t iga te  the solution of the i nve r se  heat -conduct ion p rob lem for  a cy l inder ,  based 
on a s e r i e s  expansion of a t h e r m a l  constant  in powers  of t e m p e r a t u r e ,  and the d e t e r m i n a -  
tion of the s e r i e s  coeff icients  by a d i r e c t - s e a r c h  method.  

The ma jo r i t y  of expe r imen ta l  methods of de te rmina t ion  of the t h e r m a l  constants  of solid m a t e r i a l s  is  
based  on the solution of the l inear  or  nonl inear  heat equation with some  specif ic  boundary conditions [1]. The 
use of these  methods is  brought about by the necess i ty  of ensur ing  a s t a t ionary  t h e r m a l  r e g i m e ,  and mono-  
tonic or  ins tantaneous  heating to the requ i red  t e m p e r a t u r e  which p resen t s  apprec iab le  diff icul t ies .  In recent  
y e a r s  it has been p r e f e r r e d  to de t e rmine  the t h e r m a l  constants  by the numer i ca l  solution of the i nve r se  heat -  
conduction p rob l e m  [2-7]. These  methods do not as a ru le ,  impose  any r e s t r i c t i on  on the change of the bound- 
a ry  condit ions.  The physica l  p a r a m e t e r  which appea r s  in the heat equation is found in this  case  f rom the known 
boundary conditions and f rom the t e m p e r a t u r e  at  in te r io r  points .  

In the p r e s e n t  work we inves t iga te  a numer i ca l  solution of the inve r se  heat-conduct ion p rob lem which can 
be immedia t e ly  used for  the expe r imen ta l  de te rmina t ion  of the t h e r m a l  conductivity or  some  other  constant 
which appea r s  in the heat equation. The solution is  based on a s e r i e s  expansion of the requi red  t h e r m a l  con -  
s t a n t i n a s e r i e s i n  powers  of t e m p e r a t u r e  and on the de te rmina t ion  of the s e r i e s  coeff icients  by a specia i ly  
der ived method of d i r ec t  s ea r ch .  We note that  this method can be used for  the solution of any one-d imens iona l  
heat -conduct ion p rob lem with coeff ic ients  of i n t e r e s t ,  with any boundary conditions.  

The p rob lem of de te rmina t ion  of a t h e r m a l  constant  f r o m  the exper imenta l ly  m e a s u r e d  values  of t e m p e r -  
a ture  at two points of a suff icient ly long, hollow, or  dense  cyl inder  can be r e p r e s e n t e d  by the following equa-  
t ions:  

cp~Ot _ -rl OrO (r~rOt ), roareR, 0 < ~  F, (1) 

t (r, O) = qD (r), (2) 

t (/?, "0 = * (% (3) 

Ot(ro, T )  O. (4) 
Or 
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T h e s e  e q u a t i o n s  con ta in  two unknown func t i ons :  t e m p e r a t u r e  t ( r ,  r ) ,  and one of the  t h e r m a l  c o e f f i c i e n t s  c ,  p ,  
and X. To c o m p l e t e  the  s y s t e m  of E q s .  (1)-(4) t t  i s  n e c e s s a r y  to  v o s t u l a t e  t h e  t e m p e r a t u r e  at one poin t  
of t he  r e g i o n ,  f o r  e x a m p l e ,  

t (r o, x) = *1 (x). (5) 

The  func t ion  @l(r) i s  u s e d  in  t he  s e a r c h  of the  r e q u i r e d  c o e f f i c i e n t .  To be s p e c i f i c ,  we s h a l l  t a k e  th i s  c o e f f i -  
c i en t  to  be the  t h e r m a l  c o n d u c t i v i t y  h. The  quan t i ty  k i s  d e t e r m i n e d  by s u c c e s s i v e  a p p r o x i m a t i o n s .  If the  
func t ion  ks(t)  in  the  s - t h  a p p r o x i m a t i o n  i s  known,  we can f ind f r o m  the  so lu t ion  of E q s .  (1)-(4) the  va lue  of 
t he  d i s c r e t e  a n a l o g  of t he  t e m p e r a t u r e  func t ion  u s in the  s - t h  a p p r o x i m a t i o n .  Th i s  i s  a c o r r e c t l y  f o r m u l a t e d  
d i r e c t  p r o b l e m  and i t  c an  be s o l v e d ,  f o r  e x a m p l e ,  by us ing  the  d i f f e r e n c e  s c h e m e .  O n t h e  l a t t i c e  

r m = r  o-{-mh; m = - - l ,  O, 1, . . . . .  ~;  h - -  R - - t o  ; 
M 

x a : n l ,  n = O ,  1 . . . . .  N, N -- ~F- 
l 

i t  ha s  t he  f o r m  

l I ,r l  tt us +' = .~  + ~ (z~ + t..,+~)(.,.+, - - u ~ ) - ( ~ s  
L 

n n tt .,l r~ -~- ~,m--l)(Um - -  Um--I lain - -  / / m - - l ) ,  :- 2-~( (u~+, 

r e = O ,  1 . . . . .  M - - I ;  

o u~;1  u?+i  ..+x u. ,  = ,~ (r , , , ) ,  = , u,~, - =  r (r.+~). 

(6) 

(7) 

To d e t e r m i n e  the  v a r i a t i o n s  of the  funct ion  ~. which  d e c r e a s e s  the  d i f f e r e n c e  be tween  the  g iven  t e m p e r a t u r e  
t ( r 0 , r n )  = @1 fin) and  the  t e m p e r a t u r e  found f r o m  the  s o l u t i o n s  of E q s .  (6) and (7) a t  the  po in t s  of the  i n t e r v a l  
0 < r < r F we expand  the  func t ion  k in a T a y l o r  s e r i e s  in p o w e r s  of u in the  fo l lowing  fash ion :  

( ) ( ) ( ) V V V 
~ , ( v ) = a o q - a  I I - - ~ -  + c h  v 1 - - - ~ ,  '-;-a3~ 1 - - ~ -  -! . . . . .  (8) 

w h e r e  

v = u ~ - - t ( r  o, 0), At := t ( r  o, TF) l t ( r  e , 0). 

The e x p a n s i o n  (8) i s  conven i en t  b e c a u s e  the  va lue  of • a t  the  r i g h t  end of the  i n t e r v a l  [0, TF] fo r  v = At 
d e p e n d s  only on the  p a r a m e t e r  a 0. The  e x p a n s i o n  of the  t h e r m a l  c o e f f i c i e n t  in  p o w e r s  of t e m p e r a t u r e  r e f l e c t s  
the  n a t u r e  of the  p r o b l e m  s i n c e  the  a n a l y s i s  of e x p e r i m e n t a l  d a t a  shows  tha t  the  t e m p e r a t u r e  d e p e n d e n c e  of t he  
t h e r m a l  c o e f f i c i e n t s  of v a r i o u s  m a t e r i a l s  i s  u s u a l l y  r e a s o n a b l y  we l l  d e s c r i b e d  by s e c o n d -  o r  t h i r d - o r d e r  p o l y -  
' n o m i a l s .  In  the  n u m e r i c a l  so lu t i on  we s h a l l  k e e p  a f in i t e  n u m b e r  of t e r m s ;  th i s  n u m b e r  wi l l  be deno ted  by J +1.  
The  c o e f f i c i e n t s  of the  s e r i e s  a j ,  j = 0, 1, . ~  J a r e  d e t e r m i n e d  f r o m  the  cond i t ion  tha t  in J + 1 po in t s  of the  
i n t e r v a l  0 _< r _< r F the  func t ions  t(rc,, rn)  and u0 n p r a c t i c a l l y  c o i n c i d e .  Th i s  cond i t ion  wil l  be t a k e n  in  the  f o r m  

(ro �9 .) - u~ ] < 6, (9) 
t (r 0, T,) i 

w h e r e  6 i s  u s u a l l y  t aken  equa l  to  10 - s .  E a c h  of the  c o e f f i c i e n t s  a j ,  j = 0, 1, . . . .  J c o r r e s p o n d s  to  a poin t  Tj 
of the  i n t e r v a l  [0, TF] .  The c o e f f i c i e n t  a 0 c o r r e s p o n d s  to  T = r F ,  and the  r e m a i n i n g  c o e f f i c i e n t s  c o r r e s p o n d  
to  i n t e r i o r  po in t s  of the  i n t e r v a l  [0, r F ] .  The  c a l c u l a t i o n  of the  c o e f f i c i e n t s  a j  i s  c a r r i e d  out by s u c c e s s i v e  
a p p r o x i m a t i o n s  in c y c l e s ,  s t a r t i n g  f r o m  the  f i r s t a n d  ending  with the  a p p r o x i m a t i o n  aj  (k) when the coe f f i c i en t  
and the  c o r r e s p o n d i n g  po in t  s a t i s f y  the  e x p r e s s i o n  (9). The  va lue  of the  c o e f f i c i e n t  a j (k)  of t he  p r e v i o u s  c y c l e  
i s  the  f i r s t  a p p r o x i m a t i o n  aj(1) of the  next  c y c l e .  The  next  a p p r o x i m a t i o n  i s  c a r r i e d  out when the  c o e f f i c i e n t s  
a0, a l ,  . . . ,  a j_  1 and  the  c o r r e s p o n d i n g  po in t s  satisfy" (9). Conse que n t l y ,  e a c h  a p p r o x i m a t i o n  f o r  the  c o e f f i c i e n t s  

a j  d e n o t e s  t he  s t a r t  of a new c y c l e  of s u c c e s s i v e  a p p r o x i m a t i o n s  fo r  the  c o e f f i c i e n t s  a 0, a t ,  . . . .  a j - 1 .  If  a j (k)  
i s  t he  v a l u e  of the  c o e f f i c i e n t  a j  in the  k - t h  a p p r o x i m a t i o n ,  the  va lue  of a j (k+  0 i s  g iven  by 

aj(l~ ~t~ ~ aj~) -:- [t(r o, xi)--u/otk)l 1 , (10) 
W.~tk) 
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where U0(k)J is the value of the d i sc re te  function calculated immediately before the (k + l) -th approximation for  
the coefficient a j ,  and Wj (k)is  the absolute value of the rate  of change of the function u0J with respec t  to the . 
p a r a m e t e r  aj for  the given cycle.  It is determined af ter  the second approximation aj (2) and in the subsequent 
approximations of the cycle it c a n b e  assumed to remain  constant:  

Uo(,~-O ], k ~  1. (11) Wi(k). = u~(k)-- i 
a j ( h )  - -  a j ( k )  [ 

For  the determinat ion of aj (2) the rate  was taken f rom the ~revious cycle.  

To check the above numerica l  method we car r ied  out the following numerica l  experiment .  We solved 
t h e  d i rec t  heat-conduction problem for  the the rmal  conductivity 2, = 1 + bit + b2 t2 + bat a, b0 = 0-1,  and 0 = 1, 
2, 3 with the initial values: 

t (R, x) : b~ + bsT + b~T 2, t (x, 0) : b 7, (12) 

c p = b  s, bi=const,  i = l ,  2, . . . . 

As a resul t ,  we determine the t empera tu re  values t(r0, TJ) for TJ = r F, 2/3 ~F, and 1/3 ~'F Which are  used as the 
input data for  the determinat ion of the function ~ by solving the inverse  heat-conduction problem with the unique- 
ness conditions (12). The function ~ was determined in the fo rm of a ser ies  (8) in which we kept the f i rs t  two 
or three t e r m s .  

The resul ts  of the calculations ca r r i ed  out in a sufficiently large range of b i and r ~  give the following 
indications.  To determine the thermal  conductivity X(t(r0, T)) at r = r F, 2/a T~, and 1/a ~F on a lattice with M = 
10 we needed 5-7 rain of computer  t ime on the B~SM-4M computer ,  indicat in~the simplici ty and efficiency of 
the method. 

The e r r o r  ~ dec reases  somewhat with shor te r  t ime interval  r F. The value of r F is conveniently chosen 
f rom the express ion 

Fc F = ~F = 0.05 -- 0.1. 
cp (R - -  to) ~ 

Keeping the third t e r m  in the se r ies  (8) which corresponds  to the point (r0, ~/3 ~'F ) improves  the accuracy  of the 
calculation only if the input data e r r o r ,  does not exceed some given value P*. The value of P* depends on b 1 
a n d b  2. For  example , f o r b  1 =b  2 = b ,  w i t h b = 0 . 0 5 ,  a n d b  3 =0 ,  w e o b t a i n P *  = 0 . 0 5 % ; f o r b  = 0 .1we have P*=  
0.25%; for  b = 0.3, P* = 1%, and for  b = 0.5, P* = 2.5%. When solving the direct  and inverse  problems on the 
same lattice with no perturbat ion to the input data,  the e r r o r  in the rma l  conductivity does not exceed 0.01%. 
If the values t(r0, TF) or t(r0, ~ a,F)are given within the e r r o r  Pt,  the e r r o r  in the thermal  conductivity P;~ is 
P~ ~ 0.6 Pt,  provided other data a re  known accura te ly .  If the values t(r0, T) a re  known with the same accuracy  
(and there  is some sys temat ic  e r ro r ) ,  we have Pk ~ 0.3 Ft. If the perturbat ion of the t empera tu re  t(R, r) at 
the outer boundary of the region is of the form A = t(R, r)bgsin (bl0v) , bl0 = 1-100, the e r r o r  in the thermal  con- 
ductivity is P ~ bg. When all input data were known with e r r o r  P, the e r r o r  P~ differed only little f rom P. 
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